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Abstract

Unifying dynamic-programming framework for exact literal-weighted model counting

Faster than weighted model counters cachet, miniC2D, c2d, and d4 on 584 of 1976 benchmarks
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Part I

3-Minute Overview

CNF formula ϕ = (x1 ∨ x3) ∧ (x1 ∨ ¬x2) ∧ (x2 ∨ ¬x3)
Planning phase ↓

Project-join tree

∑
{x2,x3}

x2 ∨ ¬x3
∑

{x1}

x1 ∨ ¬x2x1 ∨ x3
Execution phase ↓

Model count #ϕ = 4
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Model Counting

Model counting (#SAT): computing number of satisfying assignments of Boolean formula

Complexity: #P-complete (Valiant, 1979)

Numerous applications, especially in probabilistic reasoning

Medical diagnosis (Shwe et al., 1991)
Reliability analysis of power transmission (Duenas-Osorio et al., 2017)
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Model Counting with Dynamic Programming

Formula in conjunctive normal form (CNF):

ϕ = clause1 ∧ clause2 ∧ clause3 = (x1 ∨ x3) ∧ (x1 ∨ ¬x2) ∧ (x2 ∨ ¬x3)

Bottom-up dynamic programming for model counting:

ϕ
↓∑
{x2,x3}

x2 ∨ ¬x3
∑

{x1}

x1 ∨ ¬x2x1 ∨ x3
↓

Model count #ϕ = 4
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Model Counting with Project-Join Tree Planning and Execution

CNF formula ϕ = (x1 ∨ x3) ∧ (x1 ∨ ¬x2) ∧ (x2 ∨ ¬x3)
Planning phase ↓

Project-join tree

∑
{x2,x3}

x2 ∨ ¬x3
∑

{x1}

x1 ∨ ¬x2x1 ∨ x3
Execution phase ↓

Model count #ϕ = 4
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Contributions: Framework and Implementation (End of Overview)

Planner: CNF formula 7→ project-join tree

Executor: project-join tree 7→ model count

Model counter (planner+executor)

One-shot constraint-programming (CP) heuristics

Sparse algebraic decision diagrams (ADDs)

ADDMC

Anytime tree decompositions

Dense tensors

TensorOrder
Crossover1

Crossover2

Performance: Crossover1 (new) > ADDMC > TensorOrder > Crossover2 (new)
Source code and experimental data: https://github.com/vardigroup/DPMC
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Part II

17-Minute Technical Part

HTB planner: one-shot CP heuristics

DMC executor: sparse ADDs

ADDMC

LG planner: anytime tree decompositions

tensor executor: dense tensors

TensorOrder
Crossover1

Crossover2
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Progress

1 Boolean Model-Counting Problem (#SAT)

2 Dynamic Programming for Model Counting with Project-Join Trees

3 Planning Phase: Constructing Project-Join Trees
HTB: One-Shot CP Heuristics
LG: Anytime Tree Decompositions

4 Execution Phase: Valuating Project-Join Trees
DMC: Sparse Algebraic Decision Diagrams (ADDs)
tensor: Dense Tensors

5 Experimental Evaluation
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Problem: Model Counting

Boolean formula in conjunctive normal form (CNF): ϕ = (x1 ∨ x3) ∧ (x1 ∨ ¬x2) ∧ (x2 ∨ ¬x3)

Table 1: Truth table of Boolean variable assignments α and corresponding evaluations ϕ(α).

Assignment α ∈ 2Vars(ϕ)
Boolean function ϕ(α) : 2Vars(ϕ) → B Is α a model of ϕ?

x1 x2 x3
0 0 0 0

Yes iff ϕ(α) = 1

0 0 1 1
0 1 0 0
0 1 1 0
1 0 0 0
1 0 1 1
1 1 0 1
1 1 1 1

Model count (unweighted): #ϕ =
∑

α∈2Vars(ϕ) ϕ(α) = 4

Vu H. N. Phan — https://VuPhan314.github.io #SAT by Dynamic Programming on Project-Join Trees Constraint Programming — CP 2020 9 / 26

https://VuPhan314.github.io


Related Work: Model Counting

Existing approaches and tools:

1 Search: DPLL-based exploration of solution space

cachet: component caching and clause learning (Sang et al., 2004)

2 Knowledge compilation: efficient data structures

miniC2D: sentential decision diagrams (Oztok & Darwiche, 2015)
c2d: deterministic decomposable negation normal form (Darwiche, 2004)
d4: decision decomposable negation normal form (Lagniez & Marquis, 2017)

3 Dynamic programming: solving overlapping subproblems

ADDMC: algebraic decision diagrams (Dudek, Phan, & Vardi, 2020)
TensorOrder: tensor networks (Dudek, Dueñas-Osorio, & Vardi, 2019)
dpdb: database tables (Fichte et al., 2020)

Contribution: unifying framework for model counting with dynamic programming using
project-join trees
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Progress

1 Boolean Model-Counting Problem (#SAT)

2 Dynamic Programming for Model Counting with Project-Join Trees

3 Planning Phase: Constructing Project-Join Trees
HTB: One-Shot CP Heuristics
LG: Anytime Tree Decompositions

4 Execution Phase: Valuating Project-Join Trees
DMC: Sparse Algebraic Decision Diagrams (ADDs)
tensor: Dense Tensors

5 Experimental Evaluation
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Project-Join Trees for Model Counting with Dynamic Programming

Formula in conjunctive normal form (CNF): ϕ = (x1 ∨ x3) ∧ (x1 ∨ ¬x2) ∧ (x2 ∨ ¬x3)

Project-join tree∑
{x2,x3}

x2 ∨ ¬x3
∑

{x1}

x1 ∨ ¬x2x1 ∨ x3

Mappings

Clause : leaf node 7→ clause

Label : internal node 7→
∑

-variables

Bottom-up valuation val(n) of node n of project-join tree:

Leaf node: corresponding clause, interpreted as pseudo-Boolean function 2{x ,x
′} → R

val(n) = Clause(n)

Internal node: product of valuations of children, followed by projection of
∑

-variables

val(n) =
∑

Label(n)

(∏
q∈Children(n) val(q)

)
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Contributions: Dynamic-Programming Framework and Implementation

Planner: CNF formula 7→ project-join tree

Executor: project-join tree 7→ model count

Model counter (planner+executor)

HTB planner: one-shot CP heuristics

DMC executor: sparse ADDs

ADDMC

LG planner: anytime tree decompositions

tensor executor: dense tensors

TensorOrder
Crossover1

Crossover2

Figure 1: DPMC dynamic-programming model-counting framework

Advantages of decoupling planning and execution phases:

New crossover model counters, which may outperform existing model counters

Separate development of planning and execution algorithms
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Progress

1 Boolean Model-Counting Problem (#SAT)

2 Dynamic Programming for Model Counting with Project-Join Trees

3 Planning Phase: Constructing Project-Join Trees
HTB: One-Shot CP Heuristics
LG: Anytime Tree Decompositions

4 Execution Phase: Valuating Project-Join Trees
DMC: Sparse Algebraic Decision Diagrams (ADDs)
tensor: Dense Tensors

5 Experimental Evaluation
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Planner HTB with One-Shot CP Heuristics

CNF formula: (x1 ∨ x3) ∧ (x1 ∨ ¬x2) ∧ (x2 ∨ ¬x3)

Gaifman graph (primal constraint graph)

x1 x2

x3

Project-join tree∑
{x2,x3}

x2 ∨ ¬x3
∑

{x1}

x1 ∨ ¬x2x1 ∨ x3

One-shot planner HTB constructs project-join trees with CP heuristics:

Variable order: maximal-cardinality search (Tarjan & Yannakakis, 1984),
lexicographic search for perfect/minimal order (Koster, Bodlaender, & Van Hoesel, 2001),
and minimal fill-in (Dechter, 2003)

Clause order: bucket elimination (Dechter, 1999) and Bouquet’s Method (Bouquet, 1999)
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Planner LG with Anytime Tree Decompositions

CNF formula: (x1 ∨ x3) ∧ (x1 ∨ ¬x2) ∧ (x2 ∨ ¬x3)

Gaifman graph

x1 x2

x3

Tree decomposition

{x2, x3}

{x1, x2, x3}

Project-join tree∑
{x2,x3}

x2 ∨ ¬x3
∑

{x1}

x1 ∨ ¬x2x1 ∨ x3

Anytime planner LG constructs project-join trees with tree decomposers: FlowCutter

(Strasser, 2017), htd (Abseher, Musliu, & Woltran, 2017), and Tamaki (Tamaki, 2019)
Tree decomposition (Robertson & Seymour, 1991) has also been applied to join-query
optimization (McMahan et al., 2004)
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Progress

1 Boolean Model-Counting Problem (#SAT)

2 Dynamic Programming for Model Counting with Project-Join Trees

3 Planning Phase: Constructing Project-Join Trees
HTB: One-Shot CP Heuristics
LG: Anytime Tree Decompositions

4 Execution Phase: Valuating Project-Join Trees
DMC: Sparse Algebraic Decision Diagrams (ADDs)
tensor: Dense Tensors

5 Experimental Evaluation
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Executor: DMC with Sparse Algebraic Decision Diagrams (ADDs)

Bottom-up valuations of nodes of project-join tree are intermediate computations

Project-join tree∑
{x2,x3}

x2 ∨ ¬x3
∑

{x1}

x1 ∨ ¬x2x1 ∨ x3

Algebraic decision diagram (ADD)

x2

x3

1 2

Executor DMC valuates project-join trees using sparse ADDs (Bahar et al., 1997)

ADD package CUDD (Somenzi, 2015)
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Executor: tensor with Dense Tensors

Bottom-up valuations of nodes of project-join tree are intermediate computations

Project-join tree∑
{x2,x3}

x2 ∨ ¬x3
∑

{x1}

x1 ∨ ¬x2x1 ∨ x3

Tensors (multi-dimensional arrays)

0-dimension (scalar): s ∈ R
1-dimension (list): A[i ] ∈ R
2-dimension (matrix): M[i ][j ] ∈ R
3-dimension: T [i ][j ][k] ∈ R
. . .

Executor tensor valuates project-join trees using dense tensors

Tensor package NumPy (Oliphant, 2006)
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Benchmarks: 1976 CNF Weighted Model-Counting Instances

Bayesian class: 1080 benchmarks
(Sang, Beame, & Kautz, 2005)

Deterministic Quick Medical Reference

Grid Networks

Plan Recognition

Non-Bayesian class: 896 benchmarks
(Clarke et al., 2001; Klebanov, Manthey, &

Muise, 2013; Palacios & Geffner, 2009; Sinz,
Kaiser, & Küchlin, 2003)

Planning

Bounded Model Checking

Circuit

Configuration

Quantitative Information Flow

Scheduling

Handmade

Random

Vu H. N. Phan — https://VuPhan314.github.io #SAT by Dynamic Programming on Project-Join Trees Constraint Programming — CP 2020 21 / 26

https://VuPhan314.github.io


Experimental Setup

High-performance computing cluster at Rice University (NOTS):

Hardware: Xeon E5-2650v2 CPU (2.60-GHz)

Memory limit: 30 GB of RAM

Time limit: 1000 seconds
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Experiment: Comparing DPMC Planners and Executors
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Figure 2: Planning: LG (anytime tree decompositions) outperforms HTB (one-shot CP heuristics).
Execution: DMC (sparse ADDs) outperforms tensor (dense tensors).
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Experiment: Comparing Weighted Model Counters on 1976 Benchmarks
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Figure 3: LG+DMC is fastest on 471 benchmarks. DPMC (all four planner+executor combinations) is
fastest on 584 benchmarks.
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Experiment: Virtual Best Solvers
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Figure 4: Virtual best solvers (simulating running actual solvers in parallel): VBS1 (with DPMC) is
significantly faster than VBS0 (without DPMC).
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Model Counting by Dynamic Programming (End of Technical Part)

Summary:

Planner: CNF formula 7→ project-join tree

Executor: project-join tree 7→ model count

Model counter (planner+executor)

HTB planner: one-shot CP heuristics

DMC executor: sparse ADDs

ADDMC

LG planner: anytime tree decompositions

tensor executor: dense tensors

TensorOrder
Crossover1

Crossover2

Future work:

Planning phase: fractional hypertree decomposition (Gottlob et al., 2020)
Execution phase: database tables, as in model counter dpdb (Fichte et al., 2020)

Source code and experimental data: https://github.com/vardigroup/DPMC
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